We study some divisibility properties of quasiperfect numbers. We show that if N = (p1p2 · · · pt) 2a = m 2 is quasiperfect, then 2a + 1 is divisible by 3 and N has at least one prime factor smaller than exp 716.7944. Moreover, we find some lower bounds concerning quasiperfect numbers of the form N = m 2 with m squarefree.
Introduction
A positive integer N is called to be perfect if σ(N ) = 2N , where σ(N ) denotes the sum of divisors of N . As is well known, an even integer N is perfect if and only if N = 2 k−1 (2 k − 1) with 2 k − 1 prime. In contrast, it is one of the oldest unsolved problems whether there exists an odd perfect number or not. Moreover, it is also unknown that there exists an odd multiperfect number, an integer N with σ(N ) = kN for some integer k ≥ 2.
Cattaneo [1] called a positive integer N quasiperfect if σ(N ) = 2N + 1 and showed that such an integer must be an odd square, any proper divisor m of N satisfies σ(m) < 2m and any divisor of σ(N ) is congruent to 1 or 3 modulo 8. Hagis and Cohen [9] showed that if N is quasiperfect, then N > 10 35 and N has at least 7 distinct prime factors.
It is well-known that an odd perfect number must be of the form q b p 2a1 1 p 2a2 2 · · · p 2at t for some integers a 1 , a 2 , . . . , a t , b and distinct primes p 1 , p 2 , . . . , p t , q with q ≡ b ≡ 1 (mod 4). In the special case a 1 = a 2 = · · · = a t = a, several results are known as follows:
1) If a 1 = a 2 = · · · = a t = a, we know that a ≥ 9 and a = 10, 11, 12, 13, 14, 16, 17, 18, 19, 3) The author showed that, for any given a, there exist only finitely many odd perfect numbers of the form
4) Fletcher, Nielsen and Ochem [7] shows that an odd perfect number
for which there exists a finite set S of primes such that each 2a i +1 divisible by a prime in S must have a prime factor below an effectively computable constant C depending on S. In [23] , the author gave an explicit upper bound for C.
Some results similar to 1), 2) above are known for quasiperfect numbers of the form (p 1 p 2 · · · p t ) 2a for a given integer a. Cohen [2] showed that a must be congruent to 1, 3, 5, 9 or 11 (mod 12). Moreover, if an integer of the form p
is quasiperfect, then t ≥ 230876. We would like to begin by extending this result, which follows from some elementary consideration.
2 is quasiperfect, then there exists a prime factor p j ≡ 1 (mod 4) for which 2a j +1 does not have a divisor congruent to 5 (mod 8).
a) All prime factors of N must be congruent to 1 or 7 (mod 8).
and all prime factors of 2a + 1 must be congruent to 1 or 3 (mod 8).
c) 2a + 1 must be divisible by 3. Next, assume that N = (p 1 p 2 · · · p t ) 2a = m 2 is quasiperfect. By Cohen's result mentioned above, we must have 2a + 1 ≡ 3 (mod 4). Hence N has no prime factor congruent to 3 (mod 8). In particular, N = m 2 is not divisible by 3 and therefore σ(N ) = 2m 2 +1 must be divisible by 3. Hence there exists a prime factor p k for which σ(p 2a k ) is divisible by 3. This implies p k ≡ a ≡ 1 (mod 3). So that 2a + 1 must be divisible by 3 as stated in c). Since p
i + p i + 1 must be congruent to 1 or 3 modulo 8 and therefore p i ≡ ±1 (mod 8) for any i, proving a). By the former part of the theorem,
2 + 1 and therefore d ≡ 1 or 3 (mod 8). Finally, Cohen's result mentioned above yields that a cannot be a multiple of 4 and therefore 2a + 1 ≡ 3 (mod 8), which proves b).
No similar result to 3) has been known for quasiperfect numbers and neither has the author been able to prove such a result. Instead, in [23] , the author proved that, if N = p satisfies that σ(N ) ≥ 2N has no prime factor congruent to 5 or 7 modulo 8 and there exists a finite set S of primes such that each 2a i + 1 is divisible by a prime in S, then N must have a prime factor below C 0 . In this paper, we prove the following result.
2 is quasiperfect, then N must have a prime factor below C = exp 716.7944 < 1.995 · 10 311 .
We shall give the outline of our proof here. From Theorem 1.1, we can see that, each p
2 + 1 and therefore cannot have a prime factor ≡ 7, 13 (mod 24), which is implicit in the Note of Lemma 3 of [2] . Using some sieve argument, we shall prove that the number of prime p ≤ X such that p 2 + p + 1 has no prime factor ≡ 7, 13 (mod 24) is < cX/ log 3/2 X with an explicit constant c.
Our sieve argument is based on the author's one used in [22] to prove that an odd perfect number
with all p i in a given finite set S must have a prime factor below an effectively computable constant C depending on S. This method was refined by Fletcher, Nielsen and Ochem [7] and the author [23] to prove 4).
Finally, we would like to show the following lower bounds concerning quasiperfect number of the form N = m 2 with m squarefree. Our results supports the conjecture that there exists no quasiperfect number of the form N = (p 1 p 2 · · · p t ) 2a .
Proof of Theorem 1.2
From a) of Theorem 1.1 and a remark in the introduction we see that, if p is a prime factor of N , then p ≡ ±1 (mod 8) and p 2 + p + 1 cannot have a prime factor congruent to 7 or 13 (mod 24). Letting Q ± be the set of prime numbers p ≡ ±1 (mod 8) such that p 2 + p + 1 has no prime factor congruent to 7 or 13 (mod 24), we see that any prime factor of N must be contained in either Q + or Q − . Hence it suffices to show that p≥C,p∈Q + ∪Q − p p−1 < 2. We would like to introduce some notations in order to apply sieve methods. First, ± may take a different sign in each different occurence but shall take the same sign in the same context. Let Ω p be a set of congruent classes modulo each prime p and define ρ(p) to be the number of such congruent classes and S(Ω) = S(x, Ω, y) to be the set of integers ≤ x which does not belong to Ω p for any prime p ≤ y.
Putting Ω ± p = {n | (8n± 1)((8n± 1) 2 + (8n± 1)+ 1) ≡ 0 (mod p)} for primes p congruent to 7 or 13 (mod 24) and Ω ± p = {n | 8n ± 1 ≡ 0 (mod p)} for other odd primes p, we have ρ ± (2) = 0, ρ ± (p) = 3 for primes p ≡ 7, 13 (mod 24) and ρ ± (p) = 1 for the other primes p. Moreover, it is clear that, if p = 8n ± 1 belongs to Q ± and p ≥ y, n ≤ x, then n must be contained in S(x, Ω ± , y) and therefore
where π ± (X) denotes the number of primes ≤ X belonging to Q ± . In order to estimate |S(x, Ω ± , y)|, we use the sieve method mentioned in introduction. Let us introduce further notations
and
where
Now, we have the following sieve inequality.
Lemma 2.1. For any real v ≥ u ≥ 2, we have
Proof. By definition, we have ρ ± (p) < p for any prime p and therefore, we can apply Theorem 7.14 in [11] and Lemma 2.2 of [23] to obtain (6). Now we need to estimate B(z) and V (z). To this end, we need some explicit estimates for the number of primes in arithmetic progressions. Our start points are the following error estimates in the prime number theorem for arithmetic progressions with difference 24, which can be obtained from some known explicit versions of the prime number theorem for arithmetic progressions and a recent numerical results for the Generalized Riemann Hypothesis of L-functions. Lemma 2.2. As in [4] , we set R = 9.645908801. Let l be any integer coprime to 6. Then, for z ≥ e 60 .
(7)
Moreover, for any real z ≥ e 625R , we have
Proof. Platt [17] confirmed that L(s, χ) has no nontrivial zeros with ℜs = 1/2 and |ℑs| ≤ 10 8 /24 for all characters χ modulo 24. Now (7) follows from Theorem 4.3.2 of [18] with H = 10 8 /24, C 1 = 38.31. Moreover, from Theorem 3.6.3 of [18] , we see that any nontrivial zero s of L(s, χ) satisfies 1 − ℜs ≥ 1/R log(24 |ℑs| /38.31) for all characters χ modulo 24. Now we can apply Theorem 5 of [4] with H = 10 8 /24, C 1 (k) = 38.31 and X 4 ≤ 25 for any characters modulo 24 to obtain (8) and (9). This proves the lemma.
Remark 2.3. Kadiri [12] claimed to prove that any nontrivial zero s of L(s, χ) satisfies 1−ℜs ≥ 1/6.397 log(24 |ℑs|) for all characters χ modulo 24. This would give better estimates.
Using these error estimates, we obtain the following bounds. 
Proof. In this proof of the lemma, we let l be an integer congruent to 7 or 13 modulo 24. We begin by proving (10) for z ≥ e 60 . Lemma 2.2 gives 
where 
which immediately gives (10) for z ≥ e 60 (and even for z ≥ 10 8 ). Next we prove (11) for z ≥ e 60 . By (7), for any real z with e 60 ≤ z < e 625R , we have
and, by (8) , for any real z ≥ e 625R , we have ∞ z 3.6 × 10 −7 (1 + log t) t log 3 t dt = 3.6 × 10
Henceforth, we let z ≥ e 60 as in the lemma. Using the above estimates, we have p≤z, p≡l (mod 24)
Using M (24, 7) = 0.003897 · · · and M (24, 13) = −0.0681541 · · · , as is given by [14] , we obtain p≤z, p≡7,13 (mod 24)
for x > exp 714 and therefore, by (1),
for X > exp 716.5. Now we have
recalling that C = exp 716.7944. This proves Theorem 1.2.
Proof of Theorem 1.3
Assume that N = m 2 with m squarefree is quasiperfect and let P be the greatest prime factor of N . As noted in the previous section, any prime p = exp(θ(P ) − θ(2 29 )) > exp P 0 − P 0 100 log 2 P 0 − 536842885.9
(36) and, with the aid of (35), we see that m > exp 8920286609.5 and N > exp 17840573219.
Finally, we observe that, using (32) and Theorem 5.1 of [5] , 
